Inequalities 2

x3-3x%+x+1
x34+2x2+3x+2 —

1. Solve

(x-1) (x2-2x-1)
(x+1) (x2+x+2)

<0

2
Since x2+x+2=(x+%) +£>0 forall x e R

(x-1) (x2-2x-1)

<0
x+1

The given inequality is reduced to
)2 (x-1) (x2-2x-1)

x+1 —

<0 and x#1

Therefore for x # 1,
x+Dx-1)x*-2x-1)<0

+DHE-1)<0 x+1DHE-1)=0
or
[x—(1-v2)|[x-(1+v2)]=0 [x—(1-v2)|][x-(1+v2)]<0
-1<x <1 —1>=xo0orx=1
- T — - -1<x<1-+2
{1—\/§2x or x=>1++2 or {1—\/§SXS1+\/§ =% = V2
or 1<x<1++2
Since x # 1, the complete solution is
—1<x <1-+2 or 1<x<1++2.
2. Solve cos20>3sin6+2 for 0 ,where —m<O0<m.
1—2sin?0>3sin0+2
2sin?0+3sin@+1<0 ‘ TN
(sin®+1)(2sin6+1) <0 w2 \
—1<sinB < _1 56 w2 -ile y 0 /2 n
z 1 P 112
\\ ///l »

If n<o<nm,

therootsof sin®=-—1is 8 = —g

. 1 51 T
and sin0=—-—=-are 0=——,—=
2 6 6

. 5
.. The solution is —?n<9<—g or —g<9<—g.



If ab,c=0,use AM. = GM, or otherwise, show that

C a b
_—t—t—>
a+b+b+c+ +a

[\le

Method 1

_c n i.}.i _ (a+b+c _ 1) n (a+b+c _ 1) n (a+b+c . 1)

a+b b+c c+a a+b b+c c+a

:a+b+c+a+b+c+a+b+c 3_(a+b+C)[—+_+_ =3

a+b b+c c+a b+c c+a

3(a+b+c)
— [(@+b)(b+c)(c+a)]3

~3 (AM. > G.M)

3(a+b+c) _
= l@+b)+(b+o)+(c+a)]

(AM. > G.M)

__3(at+b+0) .
é(a+b+c) 2

Method 2

By CBS inequality (Cauchy - Bunyakovskii — Schwarz inequality)

[(@a+b)+ (b+c)+ (c+a)] ﬁ+L+— >(141+1)2

b+c c+

2@+b+0) |+ =+ |29

b+c c+a

a+b+c a+b+c a+b+c
+ +

9
>
a+b b+c c+a 2

a+b -2

c 4 a_ b3

a+b  b+c c+ta T 2

Equality holds < a+b $ = s @+b)2=(0b+c)?=(c+a)lea=b=c

a+b btc c+a

(Given: a,b,c > 0)

If abceR and a+b+c=2 showthat a? +b?+c? >

w s

Find the condition for the equality.

Method 1
Use CBS inequality (Cauchy - Bunyakovskii - Schwarz inequality) for the set
a,b,c; 1,1,1



@+b*+c)(1*+1°+1) =2 (@+b+c)?* =22 =4

Therefore, a® +b?+c? > g.

Equality holds o=t a=p=c=2
1 1 1 3

Method 2

a+b+c=2

a’?+b?+c?+2ab+ 2bc+ 2ca=4

3(@2+b?+c?®) =4+ (@—-b)?>+(b—-c)?+ (c—a)?
>4

a?+b%2+c%>

WA

Equality holds & a=b=c= 2

Given that a,b,c,d are real numbers and { atb+ct+d=6

a’ +b* +c*+d* =12

find the maximum value of d .

Method 1
By CBS inequality, (12 + 12+ 1?)(@% +b?+c?) > (a+b+c)?
3(12—d?) = (6 — d)?
36 —3d? > 36 —12d + d?
4d2—-12d <0
dd-3)<0
0<d<3  hencethe maximumof d is 3.

Method 2
6—d=a+b+c
(6 —d)? =a? + b? + c? + 2ab + 2bc + 2ca
=3@% +b% +c?)—(a—-b)2—(b—c)?—(c—a)? <3@%*+Db%+c?

—3(12 — d?)
Hence, 3(12 — d?) = (6 — d)?
36 —3d%? > 36 —12d + d?
4d> -12d <0
d(d—3)<0

0<d<3  hencethe maximumof d is 3.

sove [ 5] 23(1-2) = 3(2)

Obviously, x # 1 or 0.



(@)

(b)

If x> 1,then

4x-3(x—1)2
x(x—1)

-3 x%410 x-3
x(x—1)

0

3x%-10x43
x(x—1)

<0

(3x—-1)(x-3) <0
x(x—1)

o<xs§m1<xs3

But x > 1, therefore 1<x <3

If x <1,then

3(x—1)%2+4x

x(x—1) =0
3x2-2x+3
x(x—1) =0

For 3x?—-2x+3, A<0
Therefore, 3x*> —2x+3 >0 forall x.

<0

The inequality become oD =

Solving, 0 <x <1
But x < 1andx # 0,
Therefore 0 < x < 1.

Joining (a) and (b), 0 <x<1lor1<x<3.
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